We study the pinning of few-electron charge densities by weak perturbations to circular quantum ring potentials using an exact diagonalization approach. The pinning results in formation of single electron charge density islands distributed like classical particles. We find that the pinning by weak defects is only allowed when the symmetry of the classical few-electron lowest-energy configuration agrees with the symmetry of the external potential. We indicate that whenever the pinning is allowed by the symmetry, its strength is an oscillatory function of the external magnetic field. In the magnetic fields for which the pinning is maximal the dipole moment generated by the persistent currents changes orientation from antiparallel to parallel to the external field in a continuous manner. For confinement potentials of a higher symmetry than the one of a classical Wigner molecule the pinning is forbidden and a discontinuous abrupt inversion of the dipole moments is observed. When the pinning of single-electron islands is absent or weak the current distribution resembles the one of a circular ring. For the maximal pinning instead of current loops running around the entire ring one observes formation of multiple current vortices circulating around each single-electron density island. We study the magnetic field generated by persistent currents and find that at the dipole moment reversal the currents tend to screen the external field in the region occupied by electrons. In consequence the magnetic field generated by the currents in the maximally pinned electron systems maps the charge distribution. We also argue that the maximal pinning of charge densities is associated with smooth extrema of the chemical potentials that for highly symmetric potentials -in which the pinning is excluded -are replaced by cusps.
defects is only allowed when the symmetry of the classical few-electron lowest-energy configuration agrees with the symmetry of the external potential. We indicate that whenever the pinning is allowed by the symmetry, its strength is an oscillatory function of the external magnetic field. In the magnetic fields for which the pinning is maximal the dipole moment generated by the persistent currents changes orientation from antiparallel to parallel to the external field in a continuous manner. For confinement potentials of a higher symmetry than the one of a classical Wigner molecule the pinning is forbidden and a discontinuous abrupt inversion of the dipole moments is observed. When the pinning of single-electron islands is absent or weak the current distribution resembles the one of a circular ring. For the maximal pinning instead of current loops running around the entire ring one observes formation of multiple current vortices circulating around each single-electron density island. We study the magnetic field generated by persistent currents and find that at the dipole moment reversal the currents tend to screen the external field in the region occupied by electrons. In consequence the magnetic field generated by the currents in the maximally pinned electron systems maps the charge distribution. We also argue that the maximal pinning of charge densities is associated with smooth extrema of the chemical potentials that for highly symmetric potentials -in which the pinning is excluded -are replaced by cusps.
PACS numbers: 73.40.Gk
I. INTRODUCTION
Semiconductor quantum rings of nanometer size with both open and closed geometry are produced by several fabrication techniques including self-assembly, 1 surface oxidation 2 and etching techniques. 3 Open quantum rings 4 attached to the electron reservoirs by contacts are studied in the transport measurements 5 while closed rings are studied in context of the optical and single-electron charging properties. 1 When placed in an external magnetic field the electron systems confined in quantum rings give rise to persistent currents which generate magnetic field on their own. 6 The persistent currents in closed nanorings were subject of a number of theoretical papers 6 but the experimental detection of the magnetization signal came only relatively recently, 7 although measurements on a single mesoscopic ring have a longer 8 history. The self-assembled rings grow in an elliptic geometry. 9 The oxidized and etched rings may have an arbitrary shape including the circular one. Nominally circular rings produced by these techniques are bound to contain defects due to interface roughness in particular. Even weak defects to the circular potential should influence the properties of the electrons confined in a quantum ring due to the reentrant ground-state degeneracy appearing at the Aharonov-Bohm ground-state angular momentum transitions. 6 A competition of the localization at the defects and extended electron states is likely to appear. The magnetic dipole moment generated by persistent currents should significantly depend on the form of electron localization. In particular the persistent current loops circulating around the ring can be broken by formation of localized states. The purpose of the present paper is to determine the distribution of the persistent currents and the resulting magnetic properties of a few-electron system in a circular quantum ring perturbed by weak defects.
Electrons confined in semiconductor nanostructures exhibit strong correlated properties when the electron-electron interaction energy exceeds the single-particle quantization energies. This occurs for instance in large quantum dots 10 containing a small number of electrons or at high magnetic field 11 for fractional filling of the lowest Landau level. Favorable conditions for appearance of strong electron-electron correlation exist also in quantum rings 6 in which the energy levels are nearly degenerate with respect to the angular momentum. This near degeneracy is a counterpart of the degeneracy of Fock-Darwin energy levels 11 with the lowest Landau level which occurs at high magnetic field (B) in quantum dots. In circular quantum dots the ground-state of a few-electron system is an intermediate 12, 13 phase be-tween the electron liquid and the electron solid with a dominant character of the latter at high magnetic fields. Since in quantum rings the near degeneracy with respect to the angular momentum is observed also at zero magnetic field, the electron (Wigner) crystal can be formed also for B = 0 provided that the electron density is low. 6, 11, 14 A natural distinction between the electron liquid and solid phases is the range of the electron-electron correlation observed in the pair-correlation function. 15 This criterium is however of a limited use for finite systems, and in particular for few-electron quantum dots in which one can hardly speak of the long range order. A more useful criterium allowing to distinguish a quantum liquid from the quantum solid is the reaction of the system to a weak external perturbation.
The electron crystal, in contrast to the electron liquid, is expected to be pinned, 16 i.e. extracted from the internal degrees of freedom 11, 17 of the system to the laboratory frame, by an arbitrary weak external perturbation.
In this paper we consider pinning of the electron systems by weak and short range perturbations to the circular quantum ring potential in two dimensions. Due to the pinning, the electron correlation appears in a form of crystallized single-electron charge density islands occupying positions. We demonstrate that the crystallization of the electron density is occasionally prohibited by disagreement of the symmetry of the perturbed ring potential with the natural, i.e. classical, 18 symmetry of a few-electron Wigner molecule. We find that when the Wigner crystallization is allowed by the symmetry, the strength of the localization of the single-electron islands strongly oscillates with the external magnetic field. The most pronounced pinning of electron densities occurs at the local smooth energy maxima of the ground-state energy that appear due to opening of avoided crossings in the energy spectra resulting of the angular momentum eigenstates mixing by the potential of the defect.
We find that the crystallization of the electron density has its clear signatures in the properties of the system which are accessible to the experiment. We calculate the magnetic dipole moment produced by the persistent currents as well as the chemical potentials of the confined systems. We also consider the chemical potential of the ring confined systems.
Rings embedded in charge-tunable structures 1 are occupied by subsequent electrons for gate voltages and external magnetic fields which align the chemical potential of the confined system with the Fermi level of the electron reservoir. The ground-state transitions of the spatial and spin symmetry results in occurrence of cusps in the charging lines in function of the magnetic field. We show that the maximal pinning of the charge density is accompanied by replacement of the cusps by smooth extrema.
We consider systems with up to N = 3 electrons and solve the effective mass equations for the system confined within a two-dimensional plane with the external perpendicular magnetic field using an exact diagonalization approach. The calculations presented below are performed for etched InGaAs/GaAs quantum rings 3 which are produced with an intentionally designed shape. We study rings with a single defect placed on a circumference of the ring as well as rings with two defects placed symmetrically with respect to the center of the ring [see Fig. 1 ]. The results that we obtain for symmetrically placed defects are also qualitatively relevant for self-assembled InGaAs quantum rings which are known to have an elliptical confinement potential. 7, 9, 19 For a single defect an appearance of N single-electron islands is observed for any electron number. In the other case -for which the symmetry is lowered from circular to elliptic -the charge density with N islands is only observed for N = 2. The elliptic potential is invariant with respect to r → −r operation, but for the odd N the classical Wigner molecules do not have inversion symmetry. In consequence the pinning of single-electron islands is not observed for odd N.
We determine the magnetization generated by the persistent currents. 20 The orientation of the magnetic dipole moment generated by the currents oscillates between paramagnetic and diamagnetic with the flux of the external field. For circular quantum rings when B increases the transitions of the dipole moment from paramagnetic to diamagnetic occurs in a continuous manner at the ground-state energy minima. On the other hand the reversals of the dipole moment from diamagnetic to paramagnetic orientation are abrupt and occur at the ground state symmetry transformations associated with the Aharonov-Bohm groundstate angular momentum transitions. On the contrary for systems in which the natural symmetry of the Wigner molecule agrees with the symmetry of the confinement potential this dipole moment reversal is continuous. Moreover, for magnetic fields corresponding to the strongest pinning the diamagnetic and paramagnetic contributions to the dipole moment are exactly equilibrated and cancel each other. In one-dimensional models 14 the currents circulating around the ring are stopped when the pinned charge density takes the form of a Wigner crystal. We find that although at the maximal charge density pinning the current loop around the ring is indeed broken, the currents are actually not stopped but form separated vortices rotating around the single-electron density islands. When the pinning of the density is absent or weak one observes concentric current loops running in opposite directions at the inner and outer edges of the ring like for an ideally circular ring. Although the current distribution is very different in cases when the pinning is minimal and maximal, at the magnetic dipole reorientation in both cases the currents tend to generate magnetic fields that screen the external field within the electron charge density maxima.
FIG. 1:
Plots of the confinement potential of a clean quantum ring (a), the ring with a single defect (b), and two defects placed symmetrically with respect to the origin.
II. THEORY
In both the self-assembled 1 and the etched quantum rings 3 the in-plane dimensions of the rings exceed several times their height (the size in the growth direction). The electronstates in the growth direction can be therefore treated as frozen by the quantum size effect, which usually justifies the two-dimensional approximation in the studies of the confined systems. Moreover, for rings with circumference largely exceeding the radial width of the ring, the reaction of electrons to perturbations of the confinement potential and to their mutual interaction, in most cases appears in the angular and not in the radial degree of freedom. For this reason many effects can be described within strictly one-dimensional models. However, in this paper we also describe persistent currents that circulate around the single-electron charge density islands. Clearly, description of these vortices is out of the reach of the one-dimensional models. Therefore, we consider a two-dimensional confinement potential
where R 0 denotes the mean radius of the ring, and σ 0 the radial width of the ring. We assume α = 20 for which the potential is nearly a square quantum well. The parameters of the rings are adopted for the etched In 0.1 Ga 0.9 As/GaAs quantum rings after Ref.
[ 23 ]:
V 0 = 50 meV, R 0 = 30 nm, σ 0 = 20 nm, the electron band effective mass m * = 0.05m 0 and the dielectric constant ε = 12.4. The plot of a clean quantum ring is given in Fig. 1(a) .
As the confinement perturbations we introduce a single or two shallow Gaussian cavities
, where R d is the location of the defect. The range of the perturbation was assumed σ d = 10 nm and its depth V p = 0.5 meV. The potentials for the perturbed rings are plotted in Fig. 1(b) and (c).
We consider a few-electron Hamiltonian
where h i is single electron energy operator. In order to diagonalize the operator (2) we apply the configuration interaction approach in which we look for the eigenvectors in a basis of many electron wavefunctions with fixed values of total spin S and its projection on the z axis S z , which are generated by the projection operators 21 as linear combinations of Slater determinants built of eigenfunctions of a single-electron Hamiltonian:
where the vector potential is taken in the symmetric gauge: A(r) = B(−y, x, 0)/2. The single-electron eigenproblem is diagonalized in a basis
where the basis function are assumed in the form
where R α = (x α , y α ) is the center of the Gaussian, σ describes its spatial extension and the imaginary exponent introduces the magnetic translation, which ensured the gauge invariance of the basis. The centers are distributed on a regular square mesh of 50 × 50 points.
The size of the mesh, i.e., the exact positions of the Gaussians and the value of σ parameter are selected variationally. Tests of the approach for a two-electron problem are given in detail in Ref.
[ 25 ]. In the precedent work on few-electron problems in semiconductor nanostructures in external magnetic field sets of several Gaussian functions were used on several occasions. 26, 27, 28 Usually the choice of the exact positions of the Gaussian centers involves a time-consuming non-linear optimization of the variational parameters for each considered state and the magnetic field value. The mesh of 250 Gaussian functions which we apply here turns out to be extremely flexible so that universally optimal non-linear parameters can be indicated. The energy spectrum in a large magnetic field range can be quite accurately obtained for fixed values of the σ parameter and the position of Gaussians.
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The persistent charge current densities are calculated as Ψ|j p + j d |Ψ , where, Ψ is the N-electron eigenstate, and j p and j d are the paramagnetic and diamagnetic current operators defined as
and
respectively. The magnetic field generated by the persistent current is calculated from the Biot-Savart law
Deviation of the diamagnetic permeability of InAs/GaAs from unity is totally negligible.
III. RESULTS

A. Clean circular ring
Results for the circular ring are presented as the point of reference to the perturbed rings.
The energy spectra for N = 1, 2 and 3 are presented in Fig. 2 
B. Rings with a single defect
Let us now consider the case when the circular symmetry of the ring is perturbed by a single attractive defect placed in point (x, y) = (R, 0). The spectrum for a single electron is displayed in Fig. 2(d) . The dipole moment generated by the persistent currents, which can be calculated as the derivative of the energy with respect to the magnetic field, vanishes for both the cases of most and least circular electron density, i.e. both at the ground-state energy minima and the energy maxima. In Fig. 5 we additionally selected for illustration the magnetic fields for which the absolute value of the magnetization is the largest. Second column, for B = 0.21
T corresponds to a locally largest diamagnetic dipole moment and the fourth column (for B = 0.35 T) to the largest paramagnetic µ. For B = 0.01 T we see only a residual diamagnetic current loop, and for B = 0.21 T we notice an appearance of the paramagnetic current. In contrast to the circular rings, both contributions j p and j d are divergent, only the net current is continuous, i.e. ∇ · (j p + j d ) = 0. Moreover, we notice a clear dependence of the paramagnetic current distribution on the magnetic field which was to weak to be seen for the angular momentum eigenstates. For the least circular charge density (B = 0.28
T) the paramagnetic current dominates in the inner edge of the electron density strongly localized at the defect and the diamagnetic current on the outer edge, like for circular rings.
For the least circular density the islands of positive and magnetic field density have crescent shape and the current density goes around this island in the counterclockwise direction.
Hence, the entire charge density stays in the region of positive B g field. We can see that the both the diamagnetic and paramagnetic current loops around the ring are broken due to the vanishing charge density at the left side of the ring.
The field generated by the currents are plotted in the y = 0 plane in Fig. 7 for the magnetic fields of vanishing dipole moment (B = 0.28 T and 0.5 T) and for the maximal paramagnetic contribution (B = 0.35 T). The vectors were plotted with red (blue) in the regions of space for which the contribution of the paramagnetic (diamagnetic) current is stronger. In Fig. 7 for B = 0.28 T, plotted for the case when the electron localization at the defect is the strongest, at the defect location we observe two opposite magnetic field loops formed by the currents at the edges of the charge density [see Fig. 5 ] and the magnetic field oriented parallel to the z direction in between these loops. For B = 0.5 T we notice the magnetic field generated by the current at the negative x side of the ring (at its clean side). 5 correspond to ground states which are nearly angular momentum eigenstates (see Fig. 6 ).
In all the plots presented in Fig. 5 , most of the electron density stays within positive B g region, in which the net current tends to screen the external field. In Fig. 8 we plotted a cross section of the contour plot of However, for higher magnetic fields the Zeeman effect removes the singlets from the ground state (see below), so the triplets with the locally maximal energy and strongest localized electrons appear in the ground-state. Fig. 10 shows the results for the cases of balanced diamagnetic and paramagnetic currents.
The left column of Fig. 10 corresponds to the minimal energy [ Fig. 2(f) ] of the low-spin ground state (most circular charge density), and the right column to the lowest-energy spin-polarized state when its energy is maximal (most localized charge density) as a function of the magnetic field. In the left column the density possesses three maxima with one localized at the center of the defect, but the maxima are not very pronounced. In fact, the density is nearly ideally circular. Comparing this density with the "most circular" densities obtained for N = 1 and N = 2 we conclude that the density obtained at the minimal groundstate energy becomes more ideally circular with the growing electron number. This can be understood as due to screening of the attractive defect potential by the confined charge.
In the single-electron picture the defect potential for the second electron and third electron added to the ring is partially screened by the Coulomb potential of the electron more or less strongly localized at the defect. Non-circular electron density is associated to noninteger values of the average angular momentum [ Fig. 6 ]. We can see that for the two and three electrons the magnetic field range between the integer-valued plateaux is significantly reduced with respect to N = 1, which is also related to the screening of the defect.
In Fig. 6 we notice that for three electrons the first step from L z = 0 to 1 is abrupt and the next one from L z = 1 to 2 is smooth. The abrupt step is due to the spin ground- Let us now turn our attention to the currents and the generated fields for the three electron system in a ring with a single defect. For the ground-state (left column of Fig. 10) at the energy minimum there are two opposite current loops going around the ring at the edges of the structure. For the Wigner crystalized charge density (plot for the triplet at B = 0.275 T in Fig. 10 ) we notice that the net current loop around the ring is nearly broken in places when the electron density is minimal. Instead we observe three current vortices around each single-electron charge density island. Within each of the vortices the current circulates counterclockwise producing the B g which is opposite to the external field within each density island.
C. Rings with two symmetrically placed defects
We consider next the ring in which a second defect is introduced at a position placed symmetrically with respect to the first one as indicated in Fig. 1 . Introduction of the second defect restores the parity symmetry of the confinement potential which was lifted by the first defect. The system with two defects placed symmetrically agrees in symmetry with the elliptical quantum rings. 9 The consequences of the symmetry restoration for the energy spectra can be seen by comparison of Fig. 2 Chemical potentials -defined as the difference in the energies of the confined system µ N = E N − E N −1 -are displayed for the clean ring in Fig. 13 (a) and for rings with a single in Fig. 13(b) or two defects in Fig. 13(c) . For the clean ring [ Fig. 13(a) Fig . 16 shows the dipole moment calculated for the ring with a single defect with the spin Zeeman effect. In Fig. 16(a) we give the results for the clean ring, in Fig. 16(b) for the single and in Fig. 16(c) for two defects. In Fig. 16 (a) the discontinuities are due to the angular momentum and spin transitions. For N = 2 and N = 3 we notice enlargement of the magnetic fields in which the ground state is spin-polarized as B grows. Finally, for high magnetic field the ground state becomes permanently spin-polarized. For the ring with a single defect the discontinuities in the plot for N = 2 and N = 3 electrons are entirely due to the spin transitions. At high field, when the low-spin states go up on the energy scale, the dipole moment becomes a smooth functions of the magnetic field. For the ring with two defects the dipole moment of the two-electrons at high field is a smooth function of B (the ground state is of the odd parity), while discontinuities related to the ground-state parity transitions are observed for both N = 1 and N = 3. In the absence of the Zeeman effect the pattern of chemical potentials for N = 2 and N = 3 electrons is the same for both the circular ring and the ring with symmetrically placed defects. The qualitative difference between the two ring with a single or two defects is only observed for higher magnetic fields when the Zeeman effect becomes important.
IV. DISCUSSION
The persistent currents circulating within the quantum ring produce dipole moment whose orientations oscillates from parallel to antiparallel to the external magnetic field as the latter increases. The direction of the dipole moment results of the competition of diamagnetic and paramagnetic contributions to the persistent current. Both types of currents produce balanced contributions to the dipole moment -canceling each other -for the magnetic fields values corresponding to the vanishing derivative of the ground-state energy with respect to the magnetic field.
The energy minima in function of the magnetic field have smooth character for cleanideally circular -quantum rings as well as for the rings with defects, placed symmetrically or not with respect to the origin. For circular rings in the energy minima the diamagnetic and paramagnetic currents form concentric loops circulating in opposite directions in the inner and outer edge of the charge density. Both the loops generate magnetic field which is oriented antiparallel to the external field inside the region occupied by the charge density.
For rings in which the circular symmetry is perturbed by the defects the degree of the charge density and persistent currents deviation from circular oscillates with the magnetic field. These quantities are most circular and resemble the solution for the ideally clean ring at the local energy minima.
Smooth ground-state energy maxima which also correspond to vanishing dipole moment occur only for quantum rings of lower than circular symmetry. They are due to avoided crossings that are opened in the spectrum for mixing of angular momentum eigenstates.
They correspond to maximal deformation of the charge density with one of electron most strongly localized at the attractive defect, and the other electrons pinned by the Coulomb potential of the trapped electron. The persistent current form loops around each single-electron charge density tending to produce the magnetic field opposite to the external one within the region occupied by the electrons. The magnetic field generated by the currents is weak -of the order of 100 nT for the external field of the order of 1 T. Although these values stay within reach of commercial NMR Teslameters (that allow to detect the field of the order of 10 T with the precision of 1 nT), a significant interaction of electrons through the magnetic field they generate is excluded.
Note that this is not the case for mesoscopic metal rings in which the magnetostatic electronelectron interactions can be significant.
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V. SUMMARY AND CONCLUSIONS
We studied the systems of up to three electrons in a circular quantum ring with a single or two symmetrically placed weak attractive defects in context of the Wigner crystallization of the confined electron charge using the configuration interaction method. We showed that the pinning of the Wigner molecules in the laboratory frame occurs only when the classical symmetry of the molecule agrees with the symmetry of the confinement potential.
We showed that the pinning of the single-electron charge density maxima is associated with a local continuous maximum of the ground-state energy as a function of the magnetic field. We have shown that at the ground-state energy minima the charge density is the closest to circular. Then, the current has a form of two loops running in opposite direction at the inner and outer edges of an approximately circular electron density. Both the current loops tend to screen the external field within the confined charge density. Formation of most pronounced single-electron islands at the energy maxima is associated with broken current loops around the ring and vanishing dipole moment of the system. The single-electron islands have current vortices circulating at their edges. These currents have a diamagnetic character, and generate magnetic field of opposite orientation to the external field within the single-electron charge islands. The distribution of the charge density islands is therefore visible in the maps of the magnetic field generated by the persistent currents.
ring the angular paramagnetic current is given by j p (r)| φ = − eh mr l|ψ| 2 , while the diamagnetic current is expressed by j d (r)| φ = −e 2 2m Br|ψ| 2 . Therefore, the paramagnetic current depends on the magnetic field only through the wave function, and the contribution to the diamagnetic current is larger at the outer edge of the ring. For B < 0 (as applied here) the ground state corresponds to nonnegative l, hence the opposite orientations of the currents. the diamagnetic current (g-i), the charge density (j-l) and the z− component of the magnetic field generated by the persistent currents B g . All the plots correspond to the lowest energy triplet with L = 1. The color and vector scales are the same in each row. In (i-t) the green line shows the contour on which B g changes sign. In (q-t) the red color corresponds to positive B g (opposite to the external field orientation). Negative B g corresponds to blue region. In each of the plots (q-t) the color scale is the same we additionally give the minimal and maximal values of B g obtained for a given B. ring (a,d) , the ring with a single (b,e) and two (c,f) defects. For N = 2 we plot with the red lines the triplet energy levels corresponding to S z = −1 (triplets with S z = 0 and S z = 1 correspond to higher energies). For N = 3 the black energy levels correspond to S = 1/2 and S z = −1/2 and the red energy levels to S = 3/2 and S z = −3/2. and for the ring with two deffects (c) with the account taken for the Zeeman effect. 
